In a second-price auction with i.i.d. (independent identically distributed) bidder valuations, adding bidders increases expected buyer surplus if the distribution of valuations has a sufficiently heavy right tail. While this does not imply that a bidder in an auction should prefer for more bidders to join the auction, it does imply that a bidder should prefer it in exchange for the bidder being allowed to participate in more auctions. Also, for a heavy-tailed valuation distribution, marginal expected seller revenue per added bidder remains strong even when there are already many bidders.
INTRODUCTION
In a second-price sealed-bid auction, also known as a Vickrey auction [30] , bidders submit their bids, the item is awarded to the bidder with the highest bid, and the winner pays the runner-up bid. The seller's revenue is the runner-up bid. Adding a bidder increases expected revenue for the seller by increasing competition: if the new bid is the highest bid, then the new bidder wins and pays the previous highest bid; if the new bid is the runner-up, then it increases the price for the winner.
In this paper, we consider whether adding a bidder can also increase expected buyer surplus. Assuming bidders bid their valuations, which is a dominant strategy [13, 16, 30] , the buyer's surplus is the difference between the highest bid (the buyer's valuation) and the runner-up bid (the buyer's price). If the new bid is the highest bid, then the new bidder becomes the new buyer and buyer surplus increases if the difference between the new bid and the previous highest bid is greater than the difference between the previous highest and runner-up bids. So buyer surplus benefits from valuations that are right-tail outliers. We show that exponential distributions maintain expected buyer surplus as bidders are added, and Pareto distributions increase expected buyer surplus. We also show that as tails get heavier the ratio of expected buyer surplus to expected seller revenue increases, even with optimal reserve prices.
Ideally, we would show that adding a bidder is a Pareto improvement [20] (in expectation), meaning that it benefits the seller or one of the bidders and it harms no seller or bidder. But this is impossible: adding a bidder decreases expected surplus for the previous bidders, because the new bid may reduce the previous winner's surplus by being the new runner-up bid or eliminate the previous winner's surplus by being the new winning bid. However, we show that adding a bidder is a Pareto improvement in expectation if the additional bidder is symmetric to the previous bidders. For example, if adding a bidder increases expected buyer surplus, then it is a Pareto improvement to have all bidders participate in an auction rather than select a subset of bidders at random and exclude the others. Similarly, for a set of auctions with each bidder excluded from one auction and all others participating, it is a Pareto improvement for all bidders to participate in all auctions.
Our analysis uses order statistics [7] of the distribution of bidder valuations. Order statistics are often used to analyze auctions [13, 16, 18] , since, for truthful second-price auctions, the winning bid is the greatest order statistic among valuations and the price is the next-greatest order statistic. Second-price auctions (and variations on them) are the basis for online marketplaces for advertising [8, 29] and for goods and services [16] . Distributions of valuations are a subject of much study, because they determine optimal reserve prices [17, 24] , and estimates of the distributions determine reserve prices for actual marketplaces [3, 6, 19] .
Our results depend on the shape of the valuation distribution. With a uniform distribution over some range, adding more bidders drives both the average winning bid and the average runner-up bid toward the right of the range, pushing these averages closer to each other, which squeezes the winner's surplus. In contrast, with a heavy-tailed distribution, adding bidders makes it more likely that an extreme right outlier bid will occur, boosting the winner's surplus as well as the seller's revenue. Valuation distribution shapes play a role in some other results about auctions, including determining whether imposing Pigovian taxes [21] on bidders to account for their negative externalities [1, 4, 9] can increase surplus for bidders as a class [27] . Heavy tails are also a topic of interest in the study of complexity theory [5, 11, 31, 32] , in marketing [2] , in characterizing distributions based on samples [14, 15, 28] , and in the study of a variety of physical and social phenomena [20, 22, 25, 26] .
HEAVY TAILS AND BUYER SURPLUS
Assume there are n + 1 bidders. Let X 1 , . . . , X n+1 be the bidders' valuations, drawn i.i.d. from a distribution D. Let X (1) , . . . , X (n+1) be the order statistics for X 1 , . . . , X n+1 -the values ranked from least to greatest, with any ties broken randomly.
Let p n+1 be the buyer's surplus in a second-price auction if all n + 1 bidders participate, and let p n be the buyer's surplus if only the first n bidders participate. Assume each bidder bids their private value, since the second-price auction is truthful [13, 16, 30] . Recall that buyer surplus is the difference between the highest bid and the runner-up bid. The following theorem gives a condition for adding bidder n + 1 to increase expected buyer surplus, based on the order statistics of drawing n + 1 bids i.i.d. from D.
where all expectations are over (X 1 , . . . , X n+1 ) ∼ D n+1 .
P .
To assess the impact of adding bidder n + 1 to an auction with n bidders, we will assess the (opposite) impact of removing bidder n + 1 from an auction with n + 1 bidders. Note that p n+1 = X (n+1) − X (n) .
With probability 1
n+1 , X n+1 is X (n+1) (the highest bid), so removing bidder n + 1 from the auction removes the winning bid. Then the new winning bid is X (n) , and the new runner-up bid is X (n−1) . So buyer surplus becomes p n = X (n) − X (n−1) . Also with probability 1 n+1 , X n+1 is X (n) . If so, then removing bidder n + 1 removes the runner-up bid, decreasing the second price from X (n) to X (n−1) and increasing buyer surplus to
Alternatively, with probability n−1 n+1 , X n+1 is neither the highest nor the runner-up bid. Then removing bidder n + 1 has no effect on buyer surplus: p n = p n+1 .
The cases are: (a) X n+1 is X (n+1) , (b) X n+1 is X (n) , and (c) X n+1 is one of X (1) , . . . , X (n−1) . For each case, multiply the probability of occurrence by the expectation of p n+1 − p n given the occurrence:
Use linearity of expectation and gather terms:
Use linearity of expectation again and rearrange terms:
The theorem says that adding a bidder increases expected buyer surplus if the expected difference between the top two bids with n + 1 bidders is at least twice the expected difference between the second and third-highest bids. For this to occur, the bid distribution must tend to supply bids with the first gap between bids at least twice the second gap. In other words, D must tend to produce winners that are outliers.
The Border: Exponential
Exponential distributions have cdf:
where λ > 0. For exponential distributions, adding a bidder does not affect the expected buyer surplus in a second-price auction:
P . We will show that
The order statistics for an exponential distribution have known distributions [23] [10] (pg. 20) [7] (Ch. 2):
where Z j are exponential random variables with λ = 1. Since the mean of an exponential distribution is 1 λ , ∀j :
Compare expected buyer surplus to expected seller revenue:
For second-price auctions with n + 1 bidders having i.i.d. exponential valuation distributions, the ratio of expected seller revenue to expected buyer surplus is approximately ln(n + 1) + γ − 1, where γ is the Euler -Mascheroni constant (γ ≈ 0.5772).
P
. Expected buyer surplus is the expected difference between the top two bids:
Expected seller revenue is the expected second bid:
The seller takes the lion's share of the total auction value as the number of bidders increases: as n → ∞, ln n → ∞, but expected buyer surplus remains constant. Can the buyer instead take the lion's share? Yes, if the tail is heavy enough, as we show later.
But first, consider how using an optimal auction [17, 24] with a reserve price, instead of a straight second-price auction, would affect our results. In Appendix A, we show that with the Myersonoptimal reserve price of 1 λ , the expected buyer surplus with n + 1 bidders is
This converges from below to the result for the second-price auction, 1 λ , as n increases, because the reserve price is less likely to have an impact as more bidders are added. So expected buyer surplus increases with each new bidder, but the amount of increase decreases with each new bidder, making the increase in expected buyer surplus nearly zero for large n.
Both auction types have the same sum of seller revenue and buyer surplus; it is the top bid. Since the optimal auction charges the buyer a bit more in expectation, it increases expected seller revenue by the same amount: 1 λ (1 − e −1 ) n+1 , and expected seller revenue still dominates expected buyer surplus as n increases.
Over the Border: Pareto
Type I Pareto distributions have cdf:
where a > 0 and > 1. Pareto distributions were developed to model the distribution of wealth in societies [20] . Since then, they have been used to model many distributions, including those of stock price returns [22] , hard drive errors [25] , reserves per oil field [22] , and populations of human settlements [22] . Pareto distributions are heavy-tailed, meaning that they have a higher probability of a maximum sample that is much greater than the other samples, compared to exponential distributions.
For n + 1 samples, the expectations of order statistics are [12] [7] (pg. 52):
where Γ() is the gamma function, which is a continuous version of the factorial: Γ(n + 1) = n! for all integers n and Γ(z + 1) = zΓ(z) for all real z > 0. We use both of these equalities to simplify expectations for order statistics in the next proof.
If D is a Type I Pareto distribution, then adding a bidder increases expected buyer surplus: E(p n+1 − p n ) > 0.
P
. We will show that
Then
,
The terms in () are all positive. The term in parentheses is:
Compare expected buyer surplus to expected seller revenue. Expected buyer surplus is
Expected seller revenue is
and expected seller revenue is
Both increase with the number of bidders. The ratio of expected seller revenue to expected buyer surplus is:
So expected seller revenue equals expected buyer surplus at = 2. As → ∞, the seller takes more of the value; as → 1, the buyer takes more.
Beyond, to Infinity
Consider what happens as → 1 in more detail. Recall that expected seller revenue is
Since Γ(n + 1) = n! for all integers n and Γ(1) = 1, expected seller revenue approaches a(n + 1). For expected buyer surplus:
And lim z→0 + Γ(z) = ∞. So expected buyer surplus approaches infinity.
Can the seller impose a reserve price to raise expected seller revenue? The answer is no, because with = 1 we have the equal revenue distribution. To see this, consider expected seller revenue with reserve price r and = 1 for n bidders:
The first term is revenue from the reserve price: n possible top bidders, with revenue r if the other n −1 bids are below r (probability F (r ) n−1 ) and the top bid is above r (probability f (x) dx integrated over x from r to ∞). The second term is revenue from the second price: n(n − 1) possible top and second bidder combinations, with revenue the second price x if the other n − 2 bids are below x (probability F (x) n−2 ) and the top bid is above
The first term (revenue from reserve price) is
The second term (revenue from second price) is
The two terms sum to an; the reserve price has no effect. For this reason, the distribution with = 1 is known as the equal-revenue distribution. (For more discussion of optimal reserve prices and Type I Pareto valuations, refer to Appendix A.)
SHOULD BIDDERS WELCOME NEW BIDDERS?
If adding a bidder increases expected surplus for the winner, then should n bidders welcome one more bidder to an auction? No, because the new bidder can decrease surplus for the previous winner -by being the new winner or the new runner-up -and cannot increase surplus for the previous bidders. Stated another way: adding a bidder decreases other bidders' probabilities of winning and may potentially raise the winner's price. In fact:
For any bidder valuation distribution D that has support over at least two different values, expected surplus per participating bidder decreases with each additional bidder:
P . Because the new bidder can take the win from the previous winner or increase their price, adding a bidder reduces expected surplus for the previous bidders. By symmetry among bidders, the new bidder has the same expected surplus as the other bidders. So the added bidder must decrease expected surplus per participating bidder.
This argument fails only if the top two bids among the previous bidders are equal with probability one. In that case, there is zero expected surplus, and adding a new bidder does not change that. But the theorem requires D to have support over at least two different values, so the probability of a tie among the top two bids is less than one.
If we consider the new bidder and previous bidders as a class, then the expected surplus per class member increases with wider participation if Ep n+1 > Ep n , because that clearly implies:
Adding bidder n + 1 increases their expected surplus from zero to n+1 , which is a decrease according to Theorem 3.1. So this is not a Pareto improvement, because it harms the previous bidders.
However, there is a Pareto improvement if each of the n + 1 potential bidders are symmetric. For example, if one bidder selected at random is to be excluded from the auction, then it is a Pareto improvement to instead have all potential bidders participate, because each potential bidder increases their expected surplus by:
Similarly, suppose there is a set of n +1 auctions, each auction excludes one bidder, and each bidder is excluded from one auction. Then it is a Pareto improvement to allow all bidders to participate in all auctions, because each of the n + 1 bidders increases their expected surplus by:
For a more general framework to evaluate whether a change in auction participation over multiple auctions is a Pareto improvement in expectation, assume that all bidders draw their valuations i.i.d. for each auction, though there may be different valuation distributions for different auctions. Let i index potential bidders. Let j index auctions. Let I (i, j) be one if bidder i is allowed to bid in auction j and zero otherwise. For each auction j, let
be the number of bidders. Let Ep j (b) be the expected buyer surplus for auction j if b bidders participate. Then the expected surplus for potential bidder i over all the auctions is
Let Er j (b) be the seller's expected revenue for auction j if b bidders participate. If there is a single seller for all auctions, then their expected revenue over all auctions is
For a new bidding participation arrangement, let I ′ (i, j) indicate whether bidder i is allowed to bid in auction j. For each auction j,
be the new number of bidders. Then the new arrangement is a Pareto improvement in expectation if ∀i :
and, if there is a single seller,
and the inequality is strict for at least one bidder or the seller. If each auction has a different seller, then we require ∀j :
instead of the previous inequality.
HEAVY TAILS AND SELLER REVENUE
Consider how the number of bidders affects expected seller revenue. In accord with common sense, having more bidders increases competition, which increases expected seller revenue:
For any valuation distribution D that has support over multiple values, adding a bidder to a second-price auction increases expected seller revenue.
P
. Seller revenue is the second-highest bidder valuation. Regardless of the rank of the additional bid among itself and the previous bids, the second-highest bid cannot decrease. Let s be the second-highest bid, excluding the additional one. Since there is support over multiple values, there is positive probability that s is not a maximum among the distribution values that have support. If it is not a maximum, then there is positive probability that the additional bid is greater than s, which increases the second-highest bid if we include the additional bid.
In general, heavier-tailed valuation distributions produce more expected seller revenue per added bidder:
Let s n+1 be expected seller revenue for n + 1 bidders and let s n be expected seller revenue for n bidders. Then:
• For a uniform valuation distribution:
To examine the expected increase in expected seller revenue from adding a bidder to a competition with n bidders, analyze the difference in expected second-highest value over n + 1 and over n values for the valuation distributions. For the (non-heavy-tailed) uniform distribution, the expectation of the ith order statistic for n samples is i n+1 [7] . So the expected increase in seller revenue is
Next, consider the exponential distribution. Recall that s n+1 = 1 λ
For the Type I Pareto distribution,
Since ∂ ∂n n 1 = 1 1
For the Pareto Type I distribution, as → ∞, the limit is O 1 n , as for the exponential distribution. For = 2, it is O 1 √ n . As → 1 + , the limit is O(1), indicating that as the tail becomes heavier, the seller gains nearly as much from adding a bidder when there are already many bidders as from adding a bidder when there are only a few.
CONCLUSION
We have shown that expected buyer surplus can increase with increased competition if the valuation distribution is sufficiently heavy-tailed. While adding a new bidder can never increase per-bidder expected surplus, it can increase expected surplus over the class of new and previous bidders. As a result, under sufficiently heavy-tailed valuation distributions, each potential bidder should prefer wider participation in auctions for themselves and their fellow bidders over narrower participation for all, if the restrictions on their participation are symmetric to those on other bidders.
In the future, it would be interesting to explore whether or how heavy-tailed valuation distributions occur in practice. They seem most likely to occur in scenarios in which great gains are possible. For example, if we model approaches to curing serious and widespread health conditions (such as cancer or aging) as bids and the value to society for solutions as valuations, then a heavy-tailed valuation distribution corresponds to the possibility that some creative approach will yield great progress. In such cases, adding efforts to develop creative solutions increases the expected profit for the provider of the best solution (corresponding to buyer surplus if the provider can charge as much as the value of the next-best solution), in addition to increasing the expected benefit to society.
In some cases, valuation distributions may mimic heavy-tailed distributions over some range, but lack support above some finite upper bound. In these cases, it would be interesting to analyze marginal expected buyer surplus per added bidder as a function of the number of bidders. If the valuation distribution is unknown, but there is bid information from previous auctions with the same distribution, it would be interesting to explore whether it is possible to accurately estimate the number of bidders needed to maximize expected buyer surplus. It would also be interesting to examine how non-i.i.d. valuation distributions affect the results in this paper, especially if some potential bidders have heavy-tailed valuation distributions and others do not.
A HEAVY TAILS AND RESERVE PRICES
In this appendix, we examine how using a reserve price to convert the second price auction to the Myerson [17] optimal auction affects our results in this paper. For the exponential distribution, a reserve price decreases expected buyer surplus, but the difference between second-price and Myerson-optimal expected buyer surplus decreases exponentially in the number of bidders. Interestingly, for the Pareto Type I distribution, a reserve price does not make sense, because no reserve price increases expected seller revenue to more than that from a straight second-price auction.
A.1 Reserves for Exponential
First, observe that the exponential distribution meets the required Myerson regularity condition: that
is monotonically increasing in x. Set this equal to zero and solve for the optimal reserve price:
For n bidders with valuations drawn i.i.d. from an exponential distribution, optimalauction expected buyer surplus is 1
. The expected buyer surplus is the expected difference between the top bid and the reserve price if the second bid is below the reserve price, and the expected difference between the top two bids otherwise. Using t for the top bid and s for the second-highest bid, this is
The first integral is
Change the variable of integration from t to t + r :
The integral is the mean of the exponential distribution, so it is 1 λ , and Expression 1 is
For Expression 2, first examine the inner integral. It is Expression 3, with s instead of r . So it is = e −λs 1 λ . Recall that r = 1 λ :
So Expression 2 is
The right term is the same as Expression 4, but with a minus sign. So they cancel, giving expected buyer surplus:
For comparison, without a reserve price, the expected seller revenue is 1 λ .
A.2 Reserves for Pareto Type I
Recall that Type I Pareto distributions have cdf:
where a > 0 and > 1.
A.2.1 Single Bidder. For a single bidder and reserve price r , expected seller revenue is r [1 − F (r )]: the seller receives r if the bid is at or above r and zero otherwise. (We assume the bidder bids their valuation, because truth-telling is a Nash equilibrium for the second price auction with reserve prices. [17, 24, 30] ) For a bid drawn from a Pareto Type I distribution, if r ≤ a then F (r ) = 0, so expected seller revenue is r , indicating that we should set the reserve to at least a. For r ≥ a, r [1 − F (r )] = a r −1 . The derivative of expected seller revenue with respect to r is negative for r ≥ a:
So a is the optimal reserve price for a single bidder. Note that lim →1 + −( − 1) a r = 0.
So as → 1 + , any reserve price becomes almost as effective as r = a. This is a general expression for the derivative of expected seller revenue with respect to reserve price. Setting it equal to zero and solving for r gives the well-known expression for the optimal reserve price: If this ratio is greater than one, n + 1 n F (r ) ≥ 1, then adding a bidder makes the expected revenue loss worse for the seller. Using the definition of F and solving for r gives:
r ≤ (n + 1) 1 a .
Equivalently, solving for n, n ≥ r a − 1.
So, for > 1, adding bidders initially decreases the loss in expected revenue from having a reserve price, then beyond about r a bidders, adding more bidders increases the gap between no-reserve expected revenue and expected revenue with a reserve price. In short, as competition increases, the expected harm to the seller from having a reserve price also increases.
